One of the most widely used methods for solving average cost MDP problems is the value iteration method. This method, however, is often computationally impractical and restricted in size of solvable MDP problems. We propose acceleration operators that improve the performance of the value iteration for average reward MDP models. These operators are based on two important properties of Markovian operator: contraction mapping and monotonicity. It is well known that the classical relative value iteration methods for average cost criteria MDP do not involve the max-norm contraction or monotonicity property. To overcome this difficulty we propose to combine acceleration operators with variants of value iteration for stochastic shortest path problems associated average reward problems.
Introduction
One of the most widely used methods for solving average MDP problems is the value iteration method. In general, this method is often appears to be computationally impractical and restricted in size of solvable MDP problems. Shlakhter, et al. [8] proposed acceleration operators to speed up the convergence of value iteration algorithms for discounted MDP models. These operators were based on the contraction property of Markovian operators for discounted MDPs. In this paper we will show how similar techniques can be used to accelerate the convergence of the value iteration for average reward MDP models.
It is well known that the classical relative value iteration methods for average cost criteria MDP, unlike the discounted and the expected total-cost (stochastic shortest path) models do not involve the max-norm contraction or monotonicity property. Bertsekas [1, 2] proposed an elegant way of constructing variants of the relative value iteration algorithm using the connection between the average cost models and corresponding stochastic shortest path problems, which possesses the above properties under assumption that all policies are unichain and there exists a recurrent state under all policies. We will show how this approach, combined with acceleration operators technique, can be used to get more efficient variants of value iteration for average reward MDP models.
The rest of the paper is organized as follows. In Sections 2.1 and 2.2 we briefly present the accelerated operators method for discounted MDPs and Bertecas' variants of value iteration algorithm for the average reward MDP. In Section 2.3 we introduce variants of accelerated value iteration algorithms for average reward MDPs. Section 3 presents the numerical studies of the proposed accelerated value iteration algorithms. In Section 4 we discuss the computational complexity of accelerated operators. Finally, Section 5 concludes the paper.
Accelerated Value Iterations Algorithms

Accelerating Operators (Infinite Horizon Discrete Time Discounted MDP Case)
Consider an infinite horizon Markov decision process (MDP) with a finite set of states denoted by S, a finite set of actions A(i) for each state i ∈ S, an immediate reward r(i, a) for each i ∈ S and a ∈ A = ∪ i∈S A(i), and transition probabilities p ij (a) for the i, j ∈ S and a ∈ A(i). The objective is to determine v i , the minimum expected total discounted reward over an infinite horizon starting in state i, where α is the discount factor (0 ≤ α < 1). It is well known [6] that v satisfies the optimality equation 
The optimality equation given in Equation (4) can be written, with the definition of the operator T on U, in the following vector notation.
where Π is the set of policies. There are several standard methods for finding optimal or approximately optimal policies for the discounted MDP models. Approaches widely employed to solve MDP problems include value iteration, policy iteration, and linear programming ap-proach [6] . Shlakhter et al. [8] proposed accelerating operators to improve the convergence of the value iteration algorithm. Let us briefly discuss this technique. Consider the linear programming formulations for discounted MDPs
Let V be the feasible set of linear program. It can be determined by thesystem of
Let T be the Markovian operator
The most crucial observation, that leads to characterization of the acceleration operators, is that the set V is invariant under T , as formally stated in Lemma 2.1.
Lemma 2.1 suggests the following conditions for acceleration operator Z on defined set
Remark 2.1. It is easy to show that if v * is the fixed point of operator T , v n+1 = T v n , w n+1 = ZT w n , and
(iv) The sequence {w n } converges globally with order 1 at a rate less than or equal to α;
its global asymptotic average rate of convergence is less than or equal to α.
In [8] we presented two particular realization of acceleration operator Z: Projective
Operator and Linear Extension Operator.
For a given operator satisfying two conditions (A) and (B), several variants of accelerated value iteration algorithm were be suggested. More detailed discussion regarding application of this method to discounted MDP models can be found in the original paper. Further we will present the extended explanation of this technique applied to average reward MDPs.
Bertsecas Approach
The most important properties of the Markovian operator T of discounted or total cost(stochastic shortest path) used in the previous section are contraction property with respect to max-norm and monotonicity property. It is well known, however, that the classical value iteration methods for average cost criteria MDP, unlike discounted and total cost models, do not involve the max-norm contraction or monotonicity property. This means that direct application of acceleration operators technique to average MDP models is impossible. Bertsekas [1, 2] proposed a way of constructing the variants of the relative value iteration algorithm, using the connection between the average cost models and the corresponding stochastic shortest path problem. Under assumption that all policies are unichain and there exists a recurrent state under all policies, the Markovian operator is a contraction mapping with respectto a weighted max-norm, and possesses the monotonicity property. We will show how this approach combined with acceleration operators technique can be used to get more efficient variants of value iteration for average reward MDP models.
Let us briefly describe the approach proposed by Bertsakas [1, 2] . Consider an infinite horizon Markov decision process (MDP) with a finite set of states denoted by S, a finite set of actions A(i) for each state i ∈ S, an immediate reward r(i, a) for each i ∈ S and a ∈ A = ∪ i∈S A(i), and a transition probability p ij (a) for each i, j ∈ S and a ∈ A(i). The objective is to determine λ * , the minimum average cost per state over an infinite horizon starting in state i, which satisfies the optimality equation
where h * is a differential vector.
Let us assume that there is a state, denoted by n, which is a recurrent state under any stationary policy. Consider the stochastic shortest path problem (denoted λ-SSP) obtained from original model by adding a new state t such that p
for each i ∈ S, j ∈ S \ {n}, and p 
Furthermore, the vector h λ * , together with λ * , satisfies the optimality equation
As it was shown in [1, 2] λ * can be found using one-dimensional search procedure. It requires solution of several associated stochastic shortest path problems, for which value of parameter λ is updated as
where h λ k (n) is the optimal solution of λ k -SSP which can be found using the value iteration in form
with λ k fixed throughout the value iteration procedure. Remark 2.2. As it was shown in [1, 2] , the sequence of iterates (
where the parameter
n is a positive, sufficiently small step size, and h k+1 is a current approximation of optimal solution of h λ k+1 of corresponding λ k+1 -SSP. It was also proposed the improved variant of above algorithm, which is based on the following inequality
where
Using this inequality it is possible to replace the iteration 
Remark 2.3. Since the absorbing state t has 0 cost, the cost of any policy starting from t is 0.
Because of this we can ignore the the component corresponding to the state t and exclude it from summation. Since for all states i the transition probabilities p in (a) = 0 the component corresponding to the state n can be also ignored. (8) and (9) does not change the value in state t, we will consider this problem as problem in n-dimensional state space.
The proof of the convergence of this algorithm can be found in original paper (see [2] ).
Using this lemma it is easy to show that
It was shown in [1, 2] that both of sequences h k and λ k converge at rate of a geometric progression.
One of the disadvantages of the proposed algorithms is that the rate of convergence of these methods is relatively slow. To bypass this we propose the acceleration operators technique introduced in [8] to accelerate convergence of discounted MDP models. As we will show, this approach, which speeds up the convergence of value iteration algorithms, can be very efficient for solving average cost MDPs.
Accelerating Operators Approach (Average Reward MDP Case)
In this section we show how the acceleration operators technique can be applied to average reward MDP models
Reduction to Discounted Case
The acceleration operators can be directly applied to the following special case of the average MDP [1] . Assume that there is a state t such that for some β > 0 we have p it (a) ≥ β for each i ∈ S. One can see that (1 − β)-discounted problem with the same state space, and actions, and transition probabilities
Then βv(t) and v(i) are optimal average and differential costs, where v is the optimal cost function of the corresponding (1 − β)-discounted problem.
Another straightforward application of the acceleration operators is to use the following
for each state i ∈ S, where v α is an optimal cost vector for the corresponding α-discounted problem.
Let's briefly discuss this relation. Getting a good approximation of the average cost λ * using formula (15) requires calculation of the expected total discounted cost for discount factor close to 1. In general, for an MDP with the discount factor close to 1 this problem is considered to be computationally very demanding. Accelerating operators show a highly efficient way of solving such MDPs, making this relation useful for finding the solutions of the average cost MDP problems. This relation can also be used to obtain the upper and lower bounds for optimal average cost. It is well known [6] that total discounted reward can be expressed in terms of optimal average cost and optimal bias h as
where h ≡ H p r, H p is a fundamental matrix H p ≡ (I − P − P * ) −1 (I − P * ), and there exist two coordinates i and
This means that min i v α (i) and max i v α (i) provide the lower and upper bound for λ * for all α sufficiently close to 1. Though the above lemma doesn't provide guidance on how to choose the discount factor α, the numerical studies show that taking the discount factor to be equal to 0.8 or higher gives us sufficiently good results (see Table 2 of Section 3).
Variants of Accelerated Value Iterations for Average Reward MDPs
In this section we propose several variants of accelerated value iteration algorithms. Consider the following linear programming formulations, which are equivalent to associated
Let the set H λ k be determined by the system of inequalities shown below:
and T λ k be Markovian operator
An observation, similar to Lemma 2.1 of the previous section characterizing the acceleration operators, is that the set H λ k is invariant under T λ k as formally stated in Lemma 2.3.
The following statement holds:
It is easy to notice that if
These two lemmas suggest the following conditions for acceleration operator Z k on defined set H λ k .
Acceleration Conditions
The properties of operator Z k satisfying the conditions (A) and (B) are given in the following lemma
Later on we will present two particular realizations of acceleration operator Z.
For a given operator satisfying two conditions (A) and (B), several variants of accelerated value iteration algorithms can be suggested. Notice that different acceleration operators may be used in different iterations of the value iteration algorithm, in which case Z k is an acceleration operator used in iteration k, instead of Z.
Consider a variant of VI where λ is kept fixed in all iterations until we obtain h λ k , the optimal solution of λ k -SSP, and after that we calculate
is motivated by the fact that for this variant of VI we can guarantee the monotonicity of the sequence h λ k (n) for stepsize satisfying the inequality
of Remark 2.2, and as corollary the monotonicity of the sequence λ k . This method can be improved using the following way of λ update. If λ k and λ k+1 are two approximations of the value λ * such that λ
is a point of intersection of a straight line through points with coordinates (λ k , h λ k (n)) and (λ k+1 , h λ k+1 (n)) with λ axis on (λ, h λ ) graph. Then we can take
This λ update is graphically illustrated in Figure ? ?. Figure ? ? goes here.
A formal description of this variant of VI is given below:
General Accelerated Value Iteration Algorithm 1 (GAVI 1)
Step 0 Select λ 0 such that h λ 0 (n) < 0, h 0 = h 0 ∈ H λ 0 , set k = 0, and specify ε > 0.
Step
Step 2 If h λ k (n) > ε, go to Step 3. Otherwise compute
, increase k by 1 and return to Step 1.
Step 3 Return with the actions attaining the minimum in Step 1. An alternative variant of accelerated VI, though not very efficient, can be obtained from (9), where the parameter λ k is updated at every iteration. The direct application of acceleration technique to a variant with parameter
the monotonicity of the sequence λ k can not be guaranteed. We propose to apply the acceleration step only for iterates for which h k (n) remains negative. Although this method is not guaranteed to be applicable for all iterates, it can still be more efficient than the standard value iteration. A formal description of this variant of VI is given below:
General Accelerated Value Iteration Algorithm 2 (GAVI 2)
Step 1a Compute h
Step 1b Compute h
Step 2 If h k+1 − h k > ε, go to Step 3. Otherwise increase k by 1 and return to Step 1.
Step 3 Return with the actions attaining the minimum in Step 1.
Now we will introduce one more variant of the accelerated value iteration algorithm. As we mentioned earlier, the functions h λ (i) are concave, monotonically decreasing, piecewise linear function of λ, and h λ (n) = 0 if and only if λ = λ * . This means that λ * can be found using the one-dimensional search procedure. This procedure may be computationally intractable, because it requires the solution of several associated expected total cost problems. Using the acceleration technique improves this approach significantly. A variant of such search procedure can be obtained from GAVI 1, where the parameter λ k is updated as
, where lower and upper bounds for λ * are obtained at k-th iteration.
Here some explanations are required. We can take λ General Accelerated Value Iteration Algorithm 3 (GAVI 3)
Step 0 Select λ 0 min = λ min and λ 0 max = λ max , h 0 = h 0 ∈ H λ 0 max , set k = 0, and specify ε > 0.
Step 3 If h λ k (n) < ε, go to Step 4 Return with the actions attaining the minimum in Step 1.
Now we will propose an acceleration operator satisfying two conditions (A) and (B)
with significant reduction in the number of iterations before convergence and little additional computation in each iteration, so that the overall performance is greatly improved. Now we propose an acceleration operator that requires little additional computation per iteration but reduces the number of iterations significantly.
Projective Operator
where α * is the optimal solution of the following trivial 1-dimensional optimization problem: Figure ? ? goes here.
Having a single decision variable in the above optimization problem, it is straightforward to find the optimal solution. The role of Projective Operator is graphically illustrated in Figure ? ?, where Z k projects the given point h k ∈ H k to the boundary of H k+1 .
Theorem 2.1. For any index k Projective Operator Z k satisfies the conditions (A) and
(B).
We will call GAVI 1, GAVI 2, and GAVI 3 with Projective Operator as Projective Accelerated Value Iteration 1, 2, and 3, or PAVI 1, PAVI 2,and PAVI 3 for short in the paper.
Now we present another acceleration operator that satisfies Acceleration Conditions (A) and (B).
Linear Extension Operator
For
, where h k = T λ k h k−1 and α * is the optimal solution to the following linear program:
Figure 3 graphically illustrates how Linear Extension Operator works. It casts T
λ k h k in the direction of T h k − h k to the boundary of the set H λ k+1 . Since h k ∈ H λ k , we have T λ k h k ≥ h k ,
which is an improving direction. As a result, Linear Extension Operator moves
T h k closer to the point h * . 
Theorem 2.2. Linear Extension Operator G satisfies the conditions (A) and (B).
When Linear Extension Operator G is used in place of Z in Step 1 of GAVI, we call the algorithm Linear Extension Accelerated Value Iteration or LAVI for short in the paper.
Interesting aspect of the proposed approach is that it can be used in Gauss-Seidel variant of value iteration algorithms.
Gauss-Seidel:
We start with the following definition of set:
The following lemma is an analogue of Lemma 2.3:
With Lemma 2.6 acceleration operators satisfying conditions (A) and (B) can be used in
Step 1 of GAVI with the variants T GS λ k of the standard operator T λ k . However, it is not trivial to define H GS λ k with a set of linear inequalities and the acceleration operators proposed in this research will not work. To avoid the problem, we restrict the acceleration operators to a strict subset of H GS λ k .
Lemma 2.7. The following relation holds
Remark 2.7. Gauss-Seidel methods require special consideration, since in general
Lemma 2.8.
Theorem 2.3 states that H λ k is invariant under T GS λ k , which suggests that this operator can replace T λ k in GAVI to give rise to new accelerated value iteration algorithms. Therefore, we obtain several accelerated versions of the value iteration algorithm, which are conveniently written in the form XAYN, where 'X' is either "P" for "Projective" or "L" for "Linear Extension", 'A' is for "Accelerated", 'Y' is either "VI" for VI, or "GS" for GS, and 'N' is for one of "1", "2", and "3" for "GAVI1", "GAVI2", and "GAVI3". For example, LAGS1
denotes Linear Extension Accelerated Gauss-Seidel value iteration method of type 1 (as for GAVI1) with w n+1 = ZT GS for Step 1. Non-accelerated versions will be shortened to VI, and GS without prefixes.
Numerical Studies
In this section we present numerical studies to demonstrate the computational improvement that the proposed variants of two-phase accelerated value iteration algorithms achieve. The results are compared with Bertsecas' approach. We will consider four families of randomly generated MDP problems. In all cases the number of actions in each state, the immediate rewards for each state, and actions were generated using a uniform random number generator.
In all examples, we first fixed the number of non-zero entries in each row, so that the density of non-zero entries in that row is equal to a given density level. We randomly generated non-zero entries according to a uniform distribution over (0,1), normalized these non-zero entries so that they add up to 1, and then placed them randomly across the row.
Example 1. Consider MDPs with 50 states and up to 50 actions per state. The transition probability matrices were generated using a uniform random number generator and nonzero elements were uniformly placed in the matrix. The density of non-zero elements of the matrices varies from 30% to 90%. For two-phase variants of VI (columns of 3-6) the corresponding discounted MDP with discount factor α = 0.99 is solved.
Example 2. Consider MDPs with 100 states and up to 20 actions per state. The transition probability matrices were generated using a uniform random number generator and nonzero elements were uniformly placed in the matrix. The density of non-zero elements of the matrices varies from 60% to 90%. For two-phase variants of VI (columns of 3-6) the corresponding discounted MDP with discount factor α = 0.99 is solved.
Example 3. Consider MDPs with 80 states and up to 40 actions per state. The transition probability matrices were generated using a uniform random number generator and nonzero elements were uniformly placed in the matrix. The density of non-zero elements of the matrices varies from 40% to 90%. For two-phase variants of VI (columns of 3-6) the corresponding discounted MDP with discount factor α = 0.99 is solved.
Example 4. Consider MDPs with 200 states and up to 30 actions per state. The transition probability matrices were generated using a uniform random number generator and nonzero elements were uniformly placed in the matrix. The density of non-zero elements of the matrices varies from 50% to 90%. For two-phase variants of VI (columns of 3-6) the corresponding discounted MDP with discount factor α = 0.99 is solved.
As it was shown in [8] that the combinations of Projective operators with standard value iteration and Linear Extension operators Gauss-Seidel variant of value iteration give the best performance. The computational results of Examples 1-4 are presented in Table 1 and   Table 2 . For almost all of the cases in Table 1 , PAVI 3 is the best algorithm. PAVI 1 gives almost the same good results, while PAVI2 performs relatively poorly. On the other hand, for most cases in Table 2 , LAGS 2 is the best algorithm, while both LAGS 1 and LAGS 3 also show very strong performance. Summarizing these numerical results, we may conclude that both PAVI 3 and LAGS 3 show very good performance. Besides, application of these methods does not require choosing a stepsize. Similarly, both PAVI 1 and LAGS 1 show good performance, though additional computational efforts are necessarily to obtain a stepsize.
We should also notice that the performance of both PAVI 2 and LAGS 2 may vary. This can be explained by the fact that it is not guaranteed that accelerating operators can be applied for all iterates. Because this fact, these algorithms are sensitive to the choice of a stepsize and to the structure of transition probability matrix.
Let us also notice that the performance of two-phase algorithms depends on the choice of the discount factor of the corresponding discounted MDP problem which is solved during the first phase. We have the following tradeoff: having the discount closer to 1 leads to the increase in the number of iterations for the first phase. On the other hand, it make the bounds for the optimal average reward more tight, which leads to the reduction of the number of iterations of the second phase. The values of upper and lower bounds of the optimal average reward of Examples 1-4 are presented in Table 2 Table 2 goes here.
Based on Examples 1-4, we can conclude that the two-phase accelerated value iteration algorithms with second phase as the standard value iteration combined with PAVI 1, PAVI2, and PAVI 3 show better performance than the value iteration algorithm proposed by Bertsecas. For the best cases the accelerated value iteration algorithms converge up to 12 times faster than corresponding Bertsecas algorithm. We can also conclude that two-phase accelerated value iteration algorithms with second phase as the standard value iteration combined with PAVI 1 for most of the cases perform better than one combined with PAVI 1 and PAVI 3.
Computational Complexity and Savings
We now evaluate the number of the additional arithmetic operation required for application of the proposed accelerated operators. For the standard VI, when the transition probability matrices are fully dense, each iteration will take C|S| 2 (where C is the average number of actions per state) multiplications and divisions. With sparse transition probability matrices, this number can be estimated as NC|S| (where N is the average number of nonzero entries per row of the transition probability matrices).
The additional effort required in GAVI is due to the acceleration operator used in Step 1 of GAVI. However, as it was discussed in [8] the acceleration step requires only C|S| multiplication and division. This means that the iteration of GAVI requires C|S||S + 1| multiplication and division, which is just slightly more than that of standard value iteration. Now we will show that for stochastic shortest path problems the following reduction of computational complexity is possible. With either Projective Operator or Linear Extension
Operator, a trivial 1-dimensional LP should be solved per iteration of GAVI. Let us evaluate the complexity of this step. Substitute the expression h k (i) + α into system of inequalities defining the set H λ k+1 . We will have the following system of inequalities
. . .
which can be written in the following form
It is easy to notice that if h k ∈ H k then the expressions in righthand side of all inequalities are positive. It is also easy to notice that for state i and action a ∈ A(i) such that p it (a) = 0
we have lefthandside expressions equal to 0 and these inequalities are satisfied for all value of α. So, we have to evaluate the ratios only for states and actions for which p it (a) = 0.
For many real applications the number of such states K can be significantly less than n.
So, the acceleration step requires only CK multiplications and divisions. Therefore, each iteration of GAVI may be just slightly more expensive than the standard value iteration. In conclusion, the additional computation due to the accelerating operators is marginal.
Conclusions
Using the monotone behavior of the contraction mapping operator used in the value iteration algorithm within the feasible set of the linear programming problem equivalent to the discounted MDP and stochastic shortest path models, we propose a class of operators that can be used in combination with the standard contraction mapping and Gauss-Seidel A Proofs Lemma A.1.
Proof of Lemma A.1. Let us first prove that g ≥ h implies
For part (ii) the inequality can be simply replaced with a strict inequality. Let f = T GS g
Proof of Lemma 2.2. Keeping in mind the additional property of optimal bias P * h = 0, where P * is a positive matrix, and putting aside the trivial case r(i, a) = 0 for all i and a, it is easy to see, that the optimal bias h should have both positive and negative coordinates [5] . Letting α approach to 1 in (17), we can make the term f (α) be arbitrarily small. From this we can conclude that there exist two coordinates i and j that v α (i) < λ * < v α (j) for all α sufficiently close to 1.
Proof of Lemma 2.1. Proof of this lemma is identical to proof of lemma 2.3, and can be found in the original paper [8] .
Proof of Lemma 2.3.
By monotonicity shown in Lemma A.1,
Proof of Lemma 2.4. This lemma is a trivial corollary of a statement of Remark ??. Let
From Remark 2.2 we have λ k > λ k+1 , so h satisfies
which means that h ∈ int(H n+1 ).
Proof of Lemma 2.5. The proof of (ii) is a trivial application of monotonicity lemma A.1
and Condition (B) of the operator Z k . (i) follows from Remark 2.2. (iii) As it was shown in [1, 2] the Markovian operator T λ k is a contraction mapping with respect to a weighted max-norm. Then it is easy to see (similar to the Remark 2.2) that the sequence h k and a sequence of fixed point of λ k -SSP h λ k both converge to h * with respect to this norm. From this and inequality (ii) we immediately obtain (iii).
Proof of Theorem 2.1. Condition (A) is satisfied trivially since h+αe ∈ H λ k for any h ∈ H λ k by the definition of Z k given in (19). Now we have to show that Z k satisfies condition (B).
We know α = 0 is feasible to the linear program (19) since h ∈ H λ k (or T λ k h ≥ h). By lemma 2.3 T λ k h ∈ H λ k+1 , and we have α * ≥ 1. Therefore, Z k h = h + α * e ≥ h.
Proof of Theorem 2.2. For h ∈ H λ k , Z k h = h+ α * (T λ k h−h), where α * is an optimal solution to the linear program in (20). Since h + α * (T λ k h − h) is feasible to the linear program, we
Together with lemma 2.3 this suffices Condition (A). By T λ k h ∈ H λ k , α = 1 is feasible. Since T λ k h ≥ h and α = 1 is feasible, α * ≥ 0. Hence, Condition (B) is satisfied.
Proof of Lemma 2.6. The proof is similar to proofs of Lemma 2.3.
Proof of Lemma 2.7. In order to prove inclusion H λ k ⊂ H GS λ k , it is sufficient to show that if h ≤ T λ k h, then h ≤ T GS λ k h. For h ∈ V , let g = T GS λ k h and f = T λ k h. Then, f (j) ≥ h(j)
for all j and g(1) = f (1). Assume that g(k) ≥ f (k) for all k < i, then By induction, f ≤ g, implying h ≤ T λ k h = f ≤ g = T GS λ k h.
Proof of Lemma 2.8. For h ∈ H GS λ k , let g = T GS λ k h. By Lemma A.1, h ≤ T GS λ k h = g.
By replacing "min a∈A(i) " with inequalities, similar to the argument used in the proof of which is equivalent to g ≤ T λ k g, or g ∈ H λ k .
Proof of Theorem 2.3. By Lemma 2.7 and Lemma 2.8, 
